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Abstract 

Gauge systems in the confining phase induce constraints at the boundaries 
of the effective string which rule out the ordinary bosonic string even with 
short distance modifications. Allowing topological excitations, corresponding 
to winding around the colour flux tube, produces at the quantum level a 
universal free fermion string with a boundary phase v = j. This coincides 
with a model proposed some time ago in order to fit Monte Carlo data of 3D 
and 4D Lattice gauge systems better. A universal value of the thickness of 
the colour flux tube is predicted. 
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The long distance dynamics of any gauge field theory in the confining phase 
is most likely described by an effective string theory [0], @- A rather general 
way to formulate this hypothesis is to assume that the vacuum expectation values 
of gauge invariant quantities involving large loops are expressible in terms of a 
two-dimensional conformal field theory on a Riemann surface with these loops as 
boundaries. 

In particular, in a D-dimensional gauge system, at finite temperature T = 1/L 
or, equivalently, on a lattice of size L x oo- " 1 , the correlation function of two 
Polyakov lines P(x) parallel to the periodic time axis at a distance R is given by 

(P(x)P\x + R)) = e - F( ~ R ' L) , (1) 

where F(R, L) is the free energy of the effective conformal theory on the cylinder 
of height R bounded by the two Polyakov lines of length L. Similarly, the vacuum 
expectation value of a large, rectangular Wilson loop is related to the free energy 
of a rectangle. 

In conformal field theory a central role is played by the conformal anomaly c, 
which measures the response of the dynamical system to curving of the surface and 
also controls the finite size scaling . 

In eq. (|TJ) we can consider two different finite size configurations. In the large 
R limit eq. ([!]) yields the free energy of an infinitely long cylinder having the 
asymptotic expansion || 

F(R,L)/R = aL- C -^ + 0(^) (2) 

where a is the string tension, d = c—24h is the effective conformal anomaly || and h 
is the lowest conformal weight of the states which can propagate along the cylinder. 
If the theory is unitary, the ground state has h = 0. The term — 7rc'/6L can be 
viewed as a universal correction of the string tension due to the finite temperature 
T = 1/L, i.e. § a(T) = a - ndT 2 /Q + 0(T 3 ). 

If we take the other limit L — > oo keeping R fixed, the surface of the conformal 
system becomes the world sheet of an open string, i.e. an infinitely long strip of 
width R. The free energy has now a slightly different asymptotic expansion || 
depending on the boundary conditions on either side of the strip. Labelling this 
pair of conditions with a and j3 we have 

V(R) = Km = aR + k a , - (± - + 0{±) (3) 

where V(R) is the interquark potential, k a /3 a non-universal constant and h a p the 
lowest conformal weight of the spectrum of string states compatible with the bound- 
ary conditions aj3] in the particular case in which a = (3 the lowest state is the 
ground state with h aa = 0. The universal term of eq. (0) and (£J) is a two- 
dimensional analog of the Casimir effect and generalizes the evaluation of the vac- 
uum energy of a free string [J7], [| to an arbitrary conformal theory . 
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From the foregoing discussion, we see that the effective conformal theory of 
a gauge system is completely specified not only by the conformal anomaly c and 
the spectrum of the physical states, but also by a specific choice of the boundary 
conditions a and (3 on either side of the strip. Gauge theory poses two important 
constraints on the latter two. 

Suppose deforming the strip in such a way that the two sides overlap: if the two 
boundary conditions a, (3 were compatible, we should get the conformal theory on 
a cylinder. On the other hand, from the point of view of the gauge theory, when 
a quark line overlaps an antiquark one, the free energy vanishes identically; this is 
possible only if a and/3 are incompatible, i.e. the set of states obeying both a and 
(3 on the same side is empty. We can represent this situation symbolically by 

a fl /3 = , (4) 

which implies, in particular 

ha/s > , (5) 
because the ground state cannot propagate if a ^ (3 0. 

The other constraint comes simply from the fact that the two sides of the string 
are intrinsically indistinguishable, so there must exist a Z 2 automorphism of the 
theory which transposes a and (3 

Z 2 :a^f3 F(L, R) F(L, R) (6) 

As an example of a conformal theory obeying (§] - consider the critical Ising 
model on an infinite strip in which in one side the boundary spins are all in the 
s — 1 state (a) and in the other side they are all in the s — — 1 state ((3). Clearly 
a PI (3 = and the Z 2 automorphism is obviously s <-> — s; in this example c = | 
and h a p = \ [§. 

What is the value of c and h a p of the effective conformal theory? The simplest 
assumption , suggested by the well established area law of the large Wilson loops, is 
that the effective theory is described by a Nambu- Goto string with fixed boundaries. 
The only relevant dynamical variables are the transverse displacements Xj (i = 
1, . . . , D — 2) of the string. In the light-cone gauge, the Nambu-Goto action can be 
written as D — 2 copies of a free bosonic field with action 

So = \ I dTdq d ° XidaXi ' a = 2 ( 7 ) 

This gives d = c and 

d = D - 2 (8) 

Alternatively, in the covariant gauge, the Nambu-Goto action can be written as 
the sum of D copies of free bosons with d matter = c ma u er = D and the non-unitary 
system of Fadeev- Popov ghosts b, c of conformal weight 2 and -1, respectively, with 
Cghost = -26, d ghost = c ghost + 24 = -2, giving again d = d matter + d ghost = D - 2. 
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There are, however, notorious troubles in applying the bosonic string outside the 
critical dimension of 26: depending on the quantization method, one finds either 
the breaking of the Lorentz invariance or the appearance of longitudinal string 
oscillations. Olesen has shown || that these troubles asymptotically disappear at 
large distances. 

If one requires a consistent string model at shorter distances, one can add to 
the Nambu-Goto action with D < 26 suitable interaction terms [H| such that 



Cmatter = 26 in order to preserve the transversality and the Lorentz invariance. It 
turns out that the resulting conformal theory has operators of negative weight even 



in the matter sector, then J3j c' matter ^ c ma tter] nevertheless one still has |10 
d = D — 2. This result is not very surprising once one realizes that c', being the 
universal constant of the Casimir effect, measures the number of physical degrees 
of freedom of the system, and it is quite reasonable to expect that non- anomalous 
interaction terms do not alter this number. 

Another kind of interaction has also been considered, proportional to the square 
of the extrinsic curvature of the world sheet [11, which favors more realistic 



smooth configurations of the flux tube at short distance. Even this interaction does 



not modify the asymptotic universal behaviour (g, g) of the free bosonic string |T2 
(see however fl"3"fl). 



Unfortunately, all these modifications of the Nambu-Goto action make it difficult 
to calculate, even approximately, the free energy F(R, L) for finite values of R and 
L, so that a direct comparison of eq. ([!]) with numerical data is very problematic. 

There is however, in our opinion, a serious objection against the validity of all 
these bosonic strings, due to the fact that in such a case only one kind of boundary 
conditions can be considered, namely the fixed ones: the transverse displacements 
Xi must vanish on the boundaries. In such a case, there is no way to distinguish the 
two ends of the string and the constraint cannot be satisfied. In other words, 
there is no selection rule which prevents a bosonic string coming from a quark source 
reaching the same source again, while the colour flux tube emitted by a quark in a 
confined phase can never go back to the source, of course. 

In order to have an effective string which behaves like a colour flux tube, it is 
necessary to supplement the theory with some conserved quantum number, which 
makes it possible to distinguish the two ends of the string, as eq. (|j) and (||) require. 
One possibility, suggested by the superstring, is to introduce new degrees of freedom, 
besides the transverse displacements, which however modify the conformal anomaly 
(H) and are difficult to justify on general grounds. 

There is a simpler, more convincing way to modify the bosonic string without 
changing c, based on the observation that the real flux tube connecting a pair of 
quarks has a small, but not vanishing, thickness. Then it is reasonable to expect 
that the quantum fluctuations are formed not only by the local deformations of the 
string, but also by topological excitations characterized by the number of times the 
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string wraps around the flux tube. Expanding the transverse displacements Xi of 
the string around a classical solution Xf , we can implement the winding modes of 
the string by assuming the quantum fluctuations Xi = Xi — Xf compactified |H| 

Xi = xi + 2nn R t , (9) 

where Rt defines an effective radius of the flux tube. The conformal anomaly (8) 
is not affected by these topological excitations, but the spectrum of the allowed 
conformal operators of the quantum theory is drastically modified and is a function 
ofi2t. 

An interesting feature of this one-parameter family of conformal theories is that, 
in many cases, there is a free fermion in the spectrum. This is a common property 
of dynamical systems which can sustain local and topological modes. A free fermion 
in the spectrum accounts for another property of the color flux tubes: they cannot 
self-overlap freely, as also strong coupling expansions seem to require fL5| . No such 
constraints exist in the usual bosonic string. 

This suggests assuming that the effective string, at least at large distances, is 
described by one of these free fermion theories. The boundary condition of this 
fermion is a function of Rt- We show now that eq.(4) and (6) uniquely fix this 
boundary condition as well as Rt. 

Consider a free Dirac fermion i/j(q, r) = ip l — itp 2 on an infinite strip of width R 
with action 

R 

If, fT 



S = —] drj _ fl <ktM^ . (10) 
Equations of motion say that 

$b(?,r) = ^!(r±0 , (11) 

where ip ; and ipt are the up and down components of the Majorana fermion ip a . 
Because of the finite width, in the variation of S arises also a boundary term 

r + sr + -rsr- , ? = ±§> ( 12 ) 

which implies r) = unless one makes the rather arbitrary assumption 5ip + = 



A better way to treat this problem is to add a boundary term Sb 101 to the 
bulk action (10) in order to compensate the contribution (12). The most general 
conformal invariant, hermitian term, has the form 

Sb(^ = §) = ^cos(2vrz/) J dr^V+ + |sin(2™) J dre a6 ^5- , (13) 

where 612 = — £21 = 1 , e aa = and v is a not yet specified boundary phase. A 
similar expression holds for the other side at q = — ^ , with another phase v\ but 
it is always possible to redefine the field %fj such that 
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When 5Sb is combined with eq.(ll) and (12) we get 



^ ± (^ + 2i?,r)=e ±27r ^ ± (^r) . (15) 

Modular invariance implies rational values for v. These boundary conditions uniquely 
fix the conformal spectrum of the theory. Comparison with the spectrum of the 
bosonic formulation supplemented with the compactification (9) yields 

v = y/WaRt , (16) 

which relates the conditions at the quark boundaries to the thickness of the colour 
flux tube. 

We come now to the constraints (4) and (6). Comparing eq.(13) and eq.(14) 
shows that the term proportional to cos(27rz/) at <j = ^ is compatible with that 
at q = — , therefore the amplitude for a direct open-closed string transition is 
forbidden, as required by eq.(4), only if cos(27rz/) = 0, i. e. 

" = i • < 17 > 

In turn, this fixes the universal coefficient of the asymptotic behaviour (3) 

c D — 2 

c = D-2 , h a0 = . (18) 

' 24 96 V ; 

To see that also eq.(6) is fulfilled, consider the reparametrization q — > — q ,which is 
a symmetry of the bulk action and transposes the two sides of the strip. We may 
implement this symmetry with the following field transformation 

r+^r- ^i-^ , (19) 

which exchanges also the two boundary terms (13) and (14), as eq.(6) requires. 

In conclusion, a universal string picture describing the large-distance behaviour 
of any gauge theory in the confining phase emerges rather naturally. We have 
essentially utilized only the following three obvious assumptions 

i) each quark is connected to only one flux tube, 

ii) colour flux tubes have a non- vanishing thickness and 

iii) they cannot overlap. 

From these assumptions , conformal field theory tells us that at large distances, 
where the troubles with longitudinal modes are disappearing ||, the only consis- 
tent, effective string is a free fermion model with boundary phase v — 7. This is 
exactly the string picture which was proposed some time ago [[T7|] on purely phe- 
nomenological grounds, where the boundary phase v — 7 were determined only by 
a best fit to the numerical data on the expectation values of Wilson loops. This 



picture as been proven [18, 19| to be quite good for all those 3D and AD gauge 



systems where accurate numerical data are available. 
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In this paper we have found that this boundary phase is related to the size of the 
flux tube through eq.(16), yielding \faR t — 0.14 . This gives a lowest bound on the 
range of validity of this string picture, for the minimal length R c of the string must 
be larger than its thickness. Numerical data actually give y/aR c ~ 0.3 -r- 0.4 j[T~9f| . 



In the free string approximation, it is also possible to evaluate the range of 
validity of the two asymptotic expansions (2) and (3), because now the free energy 
can be evaluated exactly for arbitrary R and L. Putting F(R, L) = aRL + q(R, L) , 
where q(R, L) is the quantum contribution and is only a function of the scaling 
we have 



variable z = 



q(R,L) = -(D-2) Elog- 

m=0 



m/4 
1/4 



(0|r) 



(20) 



and 



where r = i/z , $ ^ (0|r) is the Jacobi theta function with characteristic 
T)(t) is the Dedekind eta function. This function is plotted in fig.l with other kinds 
of free string. It shows that the two asymptotic regions (2) and (3) , where a 
universal signal of the string could be observed, correspond respectively to z > 5. 
and z < 0.3 , so they are rather far from the range explored by the ordinary 
numerical simulations , except for ref. PT[ ( 0.5 < z < 16) where eq.(8) is found 
not inconsistent with the data, and this explains why no clear signal of a string has 
yet been reported in Polyakov loop analysis. 



One of us (M.C.) would like to thank L. Magnea, P. Lepage, D. Lewellen and 
S. Tye for useful discussions during his permanence in Cornell. 



6 



References 

[1] H.B. Nielsen and P.01esen,Nucl. Phys. B61(1973)45; G.'t Hooft,Nucl. Phys. 
B72(1974)461; C.B.Thorn,Phys. Rev. D19(1979)639; G. Parisi, Phys. Lett. 
B81(1979)357; A.M. Polyakov, Phys. Lett. B82(1979)247 

[2] A.M.Polyakov, Nucl. Phys. B268(1986)406 

[3] H.W.J.Blote, J.L.Cardy and M.P.Nightingale, Phys.Rev.Lett. 56 (1986) 343; 
I.Afflek, Phys. Rev. Lett. 56 (1986) 347 

[4] C.Itzykson,H.Saleur and J.-B.Zuber, Europys. Lett. 2 (1986)91 

[5] R.D. Pisarski and O. Alvarez, Phys. Rev. D26(1982)3735 

[6] J.L.CardyNucl. Phys. B273[FS17](1986)200;Nucl. Phys. B324(1989)581 

[7] L.Brink and H.B. Nielsen, Phys. Lett. B45(1973)332 

[8] M.Liischer, K.Symanzik and P. Weisz, Nucl. Phys. B173 (1980) 365; 
M.Liischer, Nucl. Phys. B180[FS2] (1981) 317 

[9] POlesen, Phys. Lett. B160(1985)144 

[10] J.Polchinski and A. Strominger, Texas University preprint UTTG-17-9 (1991) 

[11] W.Helfrich, Z. Naturforsch.28C(1973)693 and J.Phys 46(1985)1263; L. 
Peliti and S.Leibler, Phys. Rev. Lett. 54(1985)1690; D.Forster, Phys. Lett. 
114A(1986)115; H.Kleinert, Phys. Lett. 174B(1986)335 

[12] E.Braten, R.D.Pisarski and S.-M.Tse, Phys. Rev. Lett. 58(1987)93 

[13] POlesen and S.-K.Yang, Nucl. Phys. B283(1987)73 

[14] E.Cremmer and J.Scherk,Nucl. Phys. B103(1976)399 

[15] F. David, Europhys. Lett. 9(1989)575; F. David and H. Neuberger, Rutgers 
University preprint RU-91-34 (1991) 

[16] M.Ademollo et al, Nucl. Phys. Blll(1976)77 

[17] M.Caselle, R.Fiore F.Gliozzi and R.Alzetta,in Proc 5 th Adriatic Meeting in 
Particle Physics (Dubrovnik,1986) 

[18] M.Caselle, R.Fiore, F.Gliozzi and M.Primavera, Phys. Lett. 200B(1988)525 

[19] M.Caselle, R.Fiore and F.Gliozzi, Phys. Lett. 224B(1989)153 and Nucl.Phys 
B (Proc. Suppl)17 (1990)545; M.Caselle, R.Fiore, F.Gliozzi PProvero and S. 
Vinti, Int. J. Mod. Phys. to be published 



7 



[20] J.Engels et al. Nucl. Phys. B280 (1987) 577; R.Sommer, Nucl. Phys. 
B306(1988)181; M.S.Gao, Phys. Lett. B244(1990)488; H.-Q. Ding, Phys. Rev. 
D42(1990)2350; N.H.Christ, Nucl. Phys B (Proc. Suppl) 17(1990)267 

[21] B.A.Berg and A.H.Billoire, Phys. Rev.D40 (1989) 550 

Figure Captions 

Fig.l Quantum string contributions, in the cylinder geometry, for various values 
of the ratio z — ^p. The continuous line is the fermion string with v — |, the 
dotted line is the bosonic string and the dashed line is the c—\ critical Ising 
model. 
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